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In this paper, Turbulent mixed convective heat transfer of water and
Al2O3 nanofluid has been numerically studied in a horizontal tube
under non-uniform heat flux on the upper wall and insulation in the
lower wall using mixture model. For the discretization of governing
equations, the second-order upstream difference scheme and finite
volume method were used. The coupling of pressure and velocity was
established by using SIMPLEC algorithm. The calculated results
demonstrated that the convective heat transfer coefficient of nanofluid
is higher than of the base fluid and by increasing the nanoparticles
volume fraction, the convective heat transfer coefficient and shear
stress on the wall increase. On the other hand, with increasing the
Grashof number, the shear stress and convective heat transfer
coefficient decrease.
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1. Introduction
…. In the field of heat transfer, the main concern of
the researchers was improving the thermal
performance of the heat exchanger systems. For this
purpose, various methods have been employed to
enhance the heat transfer. These methods include
passive and active procedures [1-8]. But the other way
that extensive studies have been conducted in this
field, is adding metal and nonmetal particles to the
base fluid in the nanoscale size. Research studies have
often focused on the particles such as Cu, Al2O3, TiO2,
SiO2, Fe3O4 and the base fluid such as water, ethylene
glycol (EG), kerosene, and engine oil.
*
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In these studies, various methods of convective
heat transfer have been investigated both numerically
and experimentally with different boundary conditions
and cross sections which include forced convection,
mixed convection, and natural convection. The
nanofluid flow considered laminar or turbulent in
tubes with different angles, horizontal, vertical, and
inclined. In these investigations, nanoparticles with
different volume fractions (usually 0-0.06) and
various diameters (often 0-100nm) were considered
and their effects on the parameters such as Nusselt
number, convective heat transfer coefficient, wall
shear stress, and surface friction coefficient were
investigated for different thermo-fluid conditions.
Most of these scientists believed that the suspension
of nanoparticles in the base fluid improves the
efficiency of thermal systems [9-21].
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Nomenclature

Cf

average skin friction coefficient

α

Greek Symbols
Thermal diffusivity

Cp

specific heat of the fluid ( J/kg K )

β

1
Volumetric expansion coefficient (K )

df
dp
D
G
g

molecular diameter of base fluid (nm)
nanoparticle diameter (nm)
tube diameter (m)
generation Turbulence kinetic energy
gravity acceleration ( m/s 2 )
gβ eff q w D 4
Grashof number ( Gr =
)
λ eff ν eff 2
average convective heat transfer coefficient
turbulent kinetic energy ( m2 /s 2 )
channel length (m)
pressure (Pa)
Average wall heat flux ( W/m 2 )
radial coordinate (m)
ρVD
Reynolds number ( Re =
)
μ
time averaged and fluctuating temperature
time averaged and fluctuating velocity
axial coordinate (m)

ε
θ
ϕ
λ
μ

dissipation of turbulent kinetic energy ( m 2 /s )
Angular coordinate
particle volume fraction
thermal conductivity of the fluid ( W/mK )
fluid dynamic viscosity ( Kg /m.s )

ρ

fluid density ( Kg /m )

τ

shear stress (Pa)
Subscripts
bulk value
primary phase
k-th phase
mixture

Gr
h
k
L
P
q
r
Re
T,t
V,v
z

b
f
k
m

The effect of water-based Al2O3 nanofluid and
water-based Al2O3-Cu hybrid nanofluid on the laminar
forced convective heat transfer in a horizontal circular
tube investigated numerically by Moghadassi et al.
[22]. They concluded that the average Nusselt number
of nanofluid is higher than of the base fluid. Also, the
convective heat transfer coefficient for the hybrid
nanofluid is higher than of water-based Al2O3
nanofluid. Wusiman et al. [23] experimentally
investigated the forced convective heat transfer in
both laminar and turbulent flow. Bianco et al. [24]
carried out a numerical investigation on the turbulent
flow forced convection of water–Al2O3 nanofluid in a
circular tube. They used both single-phase and twophase models and found that the two-phase mixture
model is better than the single-phase model. As they
showed, with increasing the particle’s volume
fraction, convective heat transfer coefficient increases.
Saha and Paul [25] numerically analyzed the turbulent
mixed convective heat transfer of the Al2O3–water and
TiO2–water nanofluids flowing through a horizontal
circular tube using the two-phase mixture model.
It is shown that TiO2–water nanofluid is the most
energy efficient coolant than Al2O3–water nanofluid.
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3

p

particle, secondary phase

s
t
w
i

solid
turbulent
wall
inner condition

Aghaei et al. [26] investigated numerically the
turbulent forced convective heat transfer behavior of
alumina nanoparticle dispersions in water in a
horizontal tube.
They found that by increasing the Reynolds
number, the surface friction coefficient decreases and
the pressure drop increases with the increase of
volume fractions and Reynolds number.
In this paper, turbulent mixed convective heat
transfer of water and Al2O3 nanofluid is numerically
studied in a horizontal tube under non-uniform heat
flux on the upper wall and insulation in the lower wall
using two phase mixture model. The effects of
nanoparticles volume fraction on the hydrodynamic
and thermal parameters are presented and discussed
for different Grashof number.

2. Mathematical modeling
Turbulent mixed convective of water and Al2O3
nanofluid in a horizontal circular tube with nonuniform heat flux on the upper wall and insulation in
the lower wall is considered. In order to discretize the
governing equations, the second-order upstream
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ddifference sch
heme and fin
nite volume method
m
are useed.
F
Figure 1 shows the considered
d geometriccal
cconfiguration
n. The tube haas a diameter of 0.01m and
da
llength of 1m
m. The tube th
hickness to diiameter ratio of
00.1 is assumeed.

Conseervation of ennergy:
.(kV k (  k hk  p ))  .(eff T  C p  m vt )

(4)

mass-averagee velocity
wheere Vm, ρm andd μm are the m
of the mixture, mixxture densityy and viscosiity of the
mixturre respectivelyy and definedd as
n

  V
k k

Vm 

m 

eff

 k k
k 1

Continuity eq
C
quation:
.(m Vm )  0

(1)
(

C
n of momentum:
Conservation



  V V 
k 1 k k dr ,k dr , k 
n

n

,

 m   k  k
k 1

In eequation 2, Vdr,k is the ddrift velocityy for the
seconddary phase k, i.e. the nanopparticles in thhe present
study w
which is definned as
Vdr ,k  Vk  Vm

(6)

Andd in equationn 2, τ and τt are the viscoous shear
stress and turbulennt shear stresss, respectiveely which
are deffined as:
  m Vm

(7)

n

 t    k  k v k v k
k 1

In thhe above equaation, μm and νk are the visscosity of
the nannofluid and thhe fluctuatingg velocity phaase k.
Vpf is the slip velocity or relative veloocity that
definess as the vellocity of a secondary pphase (p)
relativee to the veloccity of the prim
mary phase (ff).
V pf  V p  V f

(8)

The drift velocityy is related too the relativee velocity
which is defined as::
Vdr ,k  Vpf 



n
k 1

k k
Vfk
m

(9)

The relative veloocity is determ
mined from eqquation 8
propossed by Manninnen et al. [38]

.  m Vm Vm   p m  .    t   effff eff

(T  To )g  . 


(5)

n

F
Fig. 1. Schemaatic of the conssidered horizon
ntal tube

In this paaper, the two phase mix
xture model is
eemployed forr the simulation. Behzadm
mehr et al. [2
27]
uused two-phaase mixture model
m
for the first time. Th
hey
showed that the two phaase mixture model is mo
ore
pprecise than the single phase appro
oach. Differeent
aauthors also
o compared single phasse model and
a
m
mixture model and showeed that the mixture
m
modell is
iin a better agreement
a
wiith the experrimental resu
ults
[28]. Some researchers
r
allso compared
d the two-phaase
E
Eulerian mod
dels and mix
xture model and conclud
ded
tthat the mixtture model iss in a better agreement
a
with
tthe experimeental results for
fo the estimaation of averaage
N
Nusselt numb
ber [29]. Acccording to th
he literature the
t
ttwo-phase mixture
m
modeel is more suitable for the
t
solution of nanofluid
n
flow
w in a tube [30-37], so the
t
ttwo-phase mixture
m
modeel is implem
mented in th
his
study. The thermos-ph
hysical prop
perties of the
t
nnanofluid aree assumed con
nstant exceptt for the density
iin the momen
ntum equation
n, which varies linearly with
tthe temperatu
ure (Boussineesq's hypothessis).
The consservation eq
quations for steady staate
iincompressib
ble flow using mixture model are as
follows [33]:

k

k 1

(2)
(
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In this equation the drag function, fdrag is calculated
by Schiller and Naumann [39]
f drag

1  0.15Re p 0.687 , Re p  1000 


Re p  1000 
0.0183Re p ,

(11)

.( mVm k )  .(

t , m
k )  Gk , m  m
k

(13)

.( mVm )  .(

t , m

k )  (c1Gk , m  c2 m )

k

(14)

Gk , m

(15)

(16)

Turbulent intensity calculates based on the formula
[41]:
(17)

T
 k s s  qw
r

5. Nanofluids thermo-physical properties
The physical properties are:
Effective density:
The nanofluid density is given by [42]:
m  1  f  p



(21)

f m
f m  p 1  m 

(22)

(18)
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eff



 1    Cp


f    Cp p 

m

(23)

The thermal conductivity of the nanofluid is
calculated from Chon et al. [45] correlation, which
considers the Brownian motion and mean diameter of
the nanoparticles.
k eff



• At the tube wall (r=r0):

0θπ:

•At the tube outlet:
The diffusion fluxes are set to zero at the exit for all
dependent variables and an overall mass balance
correction is obeyed.

 Cp 

The boundary conditions are expressed as follows:
•At inlet of tube (Z = 0):

I0=0.16(Re)-1/8

(20)

Where ߔm is the mass fraction.
An accurate equation is used for calculating the
effective heat capacitance [44].

4. Boundary conditions

, Vθ  Vr  0 , T = T0 , I = I0

Tw
T
= k eff nf
r
r

Where the volumetric concentration is given by [43].

k2

c1  1.44, c2  1.92, c  .09,  k  1,    1.3

Vz  V0

Tw = Tnf , k s

(12)

Turbulence is modeled with the Launder and
Spalding [40] k– turbulence model for the mixture. It
is expressed by equations 13-15:


 t , m (Vm  (Vm )T )

(19)

Vz =Vr =Vθ =0

3. Turbulence modeling

 t , m   m c

Ts
0
r

• At the solid/fluid inter face: ( r = ri):

The acceleration (a) in equation 10 is:
a  g  ( Vm . )Vm

  θ  2 :  k s

kf

k p kf



= 1  64.7 0.746 d f d p



0.746



0.369

 pr .9955  R e1.2321

Where Pr and Re in equation 24 are defined as:

(24)
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pr 


f
f  f

, Re 

f Bc T
2

3 lbf

B
A 10 T C ,C  140,B 

(25)

Several different grid distributions are selected and
tested to ensure that the calculated results are grid
independent.

247,A  2.414e  5

lbf is the mean free path of water and Bc is the
Boltzman constant ( Bc  1.3807  1023 J/K).
Effective viscosity is calculated by the following
equation proposed by Masoumi et al. [46] that
considers the effects of volume fraction, density, and
average diameter of nanoparticles and physical
properties of the base fluid:

μ eff = μ f +
, δ=

3

ρP VB d P 2
1
, VB =
72Cδ
dP

18K b T
πρ P d P

π
dP
6

C = μ f -1  c1d p +c2  +  c3d p +c4  

(26)

(a)

(27)

Where C1 , C 2 , C3 and C 4 are:
C1 =  0.000001133, C2 =  0.000002721
C3 =  0.00000009, C4 =  0.000000393
Thermal expansion coefficient proposed by Khanafer
et al. [47]:
β p 1+ 1    ρ f ρ p  β f  


1 1+ ρ p 1    ρ f 




(b)

(28)

Fig. 2. Grid independence test: (a) fully developed
temperature (b) centerline axial velocity

In this study, the fluid enters the tube with a
constant inlet temperature Tin of 293 K and with
uniform axial velocity of Vin. This set of coupled
nonlinear differential equations is discretized by using
the control volume method.
The second order upstream method is used for the
convective and diffusive terms and SIMPLEC
procedure is adopted for the velocity–pressure
coupling.
The computation is discretized by using a
structured non-uniform grid distribution. It is finer
near the tube entrance and near the wall where the
velocity and temperature gradients are significant.

It is consisted of 170, 30, and 38 nodes,
respectively, in the axial, radial, and circumferential
directions.
As shown in figure 2, increasing the grid numbers
do not significantly change the velocity and
temperature of the nanofluid. Different axial and
radial profiles are also tested to be sure that the results
are grid independent. To show the validity and also
precision of the model and numerical procedure,
comparisons with the available experimental and
numerical simulation are done. As it is shown in
figures 3 a-b, good agreements between the results are
observed.
with increasing the volume fraction of nanoparticles,
the heat flux on the wall is increased and therefore,
buoyancy forces increase. On the other hand, in a
constant Reynolds number, with increasing the

β eff

6. Numerical method and validation
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volume fraction of nanoparticles, the flow velocity is
increased and therefore, inertial forces increase.

volume fraction at the fully developed region of
Z/D=94. It is found that with increasing the
nanoparticles volume fraction, axial velocity profiles
become more uniform.

(a)
(a)

(b)
Fig. 3. a) Comparison of the axial evolution of Nu in a
horizontal tube with the results obtained by Gnielinski [48]
and Haghighi et al [49], b) Comparison of the axial
evolution of Nu in a horizontal tube with the experimental
results obtained by S. Torii [50].

Figure 3a shows the comparison between calculated
results and the results obtained by Gnielinski [48] and
experimental results obtained by Haghighi et al.
[49].Another comparison is also performed with the
experimental results obtained by Torii [50] (see figure
3b).
7. Results and Discussions

Numerical investigations were carried out using
Al2O3-water nanofluid, Reynolds number of Re=
5×103 different Grashof numbers (Gr = 25×106, Gr =
1×108) and different nano particle concentrations (0%,
2%, 4% and 5%). Figure 4 show the dimensionless
axial velocity profiles for different nanoparticles
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(b)
Fig. 4. Variation of the dimensionless fully developed axial
velocity profiles with different Grashof number for Al2O3–
water nanofluid, nanoparticle volume concentration of 0,
0.02, 0.04 and 0.05 and Reynolds number of 5000.

As it is clearly seen, increasing the Grashof number
augments the buoyancy forces and therefore, the
maximum axial velocity approaches to the near wall
region at the upper part of the tube.
Figure 5 shows the turbulent kinetic energy profile
at the fully developed region of Z/D=94 at different
particles volume fractions.
It can be seen that the turbulent kinetic energy
increases with increasing the volume fraction of
particles. This is due to the disturbances with
increasing volume fraction. On the other hand, it is
shown that with increasing Grashof number (Gr =
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25×106 to Gr = 1×108), the dimensionless turbulent
kinetic energy profiles tend to the lower wall, because
the buoyancy forces are increased by increasing the
Grashof number.

(a)

(b)
Fig. 5. Variation of the dimensionless fully developed
turbulent kinetic energy profiles with different Grashof
number for Al2O3–water nanofluid, nanoparticle volume
concentration of 0, 0.02, 0.04 and 0.05 and Reynolds
number of 5000.

For a given Reynolds number and different
nanoparticles volume fraction (0, 2, 4 and 5%),
vectors of secondary flow at the fully developed
region of Z/D=94 are presented in Figure 6a for Gr =
25×106 . Considering the constant Grashof number,
By Superposition of these two factors, the secondary
flow does not change significantly.
In figure 6b, the vectors of secondary flow are
shown for Gr = 1×108.
By comparing figure 6 a-b it can be seen, by
increasing the Grashof number, the vectors of
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secondary flow do not change. The reason of this
issue is the balance of the buoyancy forces with
increasing Grashof number. This means that
nanoparticles volume fraction and Grashof number do
not have significant effect on the secondary flow in
the present study.
Figure 7 shows the dimensionless temperature
profiles for different nanoparticles volume fraction at
the fully developed region of Z/D=94. It can be seen
that the dimensionless temperature decreases with
increasing the volume fraction of nanoparticles. By
increasing the nanoparticles volume fraction, heat flux
on the wall and the thermal conductivity increase;
therefore, the dimensionless temperature decreases.
On the other hand, with increasing the Grashof
number, the dimensionless temperature decreases. The
reason is that, the heat flux on the wall increases.
Figure 8 shows the effect of nanoparticles volume
fraction on the shear stress changes along the tube
length for a given Reynolds number (Re=5000) at two
different Grashof numbers (Gr = 25×106 and Gr =
1×108). As can be seen, the shear stress decreases at
the tube entrance and then remains constant. With
increasing volume fraction of nanoparticles, thermophysical characteristics of nanofluids are changed.
One of these characteristics in the turbulent flow is the
viscosity of nanofluid. By increasing the volume
fraction of the nanoparticles, viscosity of nanofluid is
increased.
In a constant Reynolds number, with increase of
viscosity, the velocity of nanofluid and the velocity
gradient are increased. Therefore, with increasing
these factors, the shear stress of nanofluid is increased
in the turbulent flow. On the other side, by increasing
the Grashof number, the shear stress on the wall
decreases. The reason is that, the velocity of nanofluid
and the velocity gradient are decreased by increasing
the Grashof number.
Figure 9 shows the effect of nanoparticles volume
fraction on the convective heat transfer coefficient
along the tube length for a given Reynolds number at
two different Grashof numbers. It can be seen that
convective heat transfer coefficient is too high at the
beginning of the tube next to the tube inlet because of
the proximity of the wall temperature and the bulk
fluid temperatures.
Then, it remains constant in the developed region
due to the same temperature difference.
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0

  0.02

  0.04

  0.05

Fig.6a. Effect of nanoparticles concentration on the Vectors of secondary flow for different volume fraction at Gr = 25×106

0

  0.02

  0.04

  0.05

Fig.6b. Effect of nanoparticles concentration on the Vectors of secondary flow for different volume fraction at Gr = 1×108
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(b)

(a)

Fig. 8. Variation of the shear stress along the tube length
with different Grashof number for Al2O3–water nanofluid,
nanoparticle volume concentration of 0, 0.02, 0.04 and 0.05
and Reynolds number of 5000.

(b)
Fig. 7. Variation of the dimensionless fully developed
temperature profiles with different Grashof number for
Al2O3–water nanofluid, nanoparticle volume concentration
of 0, 0.02, 0.04 and 0.05 and Reynolds number of 5000.

(a)

(b)
Fig.9. Variation of the convective heat transfer coefficient
along the tube length with different Grashof number for
Al2O3–water nanofluid, nanoparticle volume concentration
of 0, 0.02, 0.04 and 0.05 and Reynolds number of 5000.

(a)
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In all cases, the convective heat transfer coefficient
decreases at the tube entrance, then remains constant.
The convective heat transfer coefficient increases with
increasing the nanoparticles volume fraction. The
main reason for this is that by increasing the volume
fraction, the physical properties of nanofluids are
improved. Another reason of enhancing the
convective heat transfer coefficient of nanofluid in the
turbulent flow is the increase of disturbances of flow
with increasing volume fraction nanoparticles. On the
other side, by increasing the Grashof number, the
convective heat transfer coefficient decreases. The
reason is that, the velocity and the disturbances of
flow are decreased with the increase of Grashof
number.

[4]

[5]

[6]

8. Conclusion
Numerical investigations were carried out on the
turbulent mixed convection heat transfer of the Al2O3–
water nanofluids in a horizontal circular tube using the
two-phase mixture model. The upper wall is under
non-uniform heat flux and the lower wall is insulated.
The results show that increasing the volume fraction
of nanoparticles and Grashof number do not effect
significantly on the secondary flow. By increasing the
volume fraction of nanoparticles, the convective heat
transfer coefficient and the shear stress on the wall are
increased and the dimensionless temperature
decreases. On the other hand, with increasing the
Grashof number, the convective heat transfer
coefficient, the shear stress on the wall and the
dimensionless temperature are decreased.

[7]

[8]

[9]
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