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….The use of nanofluids is one of the most effective 
mechanisms for increasing the amount of heat transfer 
in tubes. Nanofluid is a mixture created from adding 
nanoparticles, such as Al2O3 or CuO to a base fluid 
and it gives rise to increasing the mixture thermal 
conductivity as well as heat transfer in tubes. In recent 
years, many experimental and numerical studies have 
been done in the field of nanofluids [1-4]. Teng et al. 
[3] investigated the effects of various parameters such 
as nanoparticle size, temperature and weight fraction 

on the Al2O3-water nanofluid thermal conductivity in 
a series of experimental tests. In the end, they 
proposed a correlation indicating the nanofluid 
thermal conductivity as a function of mentioned 
parameters. In addition to the expensive experimental 
studies, numerical ones are considered as the effective 
way to identify the thermal and hydrodynamics flow 
field in nanofluids. In general, for numerical 
simulation of nanofluids flow, the single phase 

 

         Nomenclature                                                           W    Width of flat area in tubes (mm)      

           Greek symbol 

a Acceleration (m s-2)   Thermal diffusivity ( pC/k  ) 

Cp Specific heat (J kg-1 K-1)   Volumetric expansion coefficient (K-1) 

Cf Skin friction coefficient   Distance between particles (m) 

C Constant in Eq. (14)   Nanoparticles volume fraction 

dp Diameter of nanoparticles (m) f Mean free path of water molecular (m) 

g Gravitational acceleration (m s-2)   Dynamic viscosity (N s m-2) 

H Flat tube internal height (mm)   Kinematic viscosity (m2 s-1) 

Gr Grashof number ( 2
mm

4
hm k/Dqg   )   Density (kg m-3) 

k Thermal conductivity (W m-1 K-1) w  Wall shear stress 

kB Boltzmann constant (=1.3807 10-23  J K-1)  Subscripts 

L Length of tubes (m) BF    Base fluid 

Nu Nusselt Number ( k/hDh ) CT Circular tube 

P Pressure (Pa) dr Drift 

Pr Prandtl number ( mm / ) f Fluid 

Q Volumetric flow rate (m3/ hr) in Inlet conditions 

q   Heat flux (W m-2) k Indices 

Re Reynolds number ( mh /VD  ) m Mixture 

T Temperature (K) p Nanoparticle phase 

V Velocity (m s-1) w Wall 

 
and two phase methods are available that the two 
phase method is more accurate [5]. Lotfi et al. [6] 
investigated nanofluids flow in horizontal circular 
tubes with three different methods, which are single 
phase method, two phase mixture method and two 
phase Eulerian-Eulerian method. By comparison with 
experimental results, they found that the two phase 

mixture method is more accurate than the other two 
methods. Shariat et al. [7] used two phase mixture 
method to simulate the Al2O3-water nanofluid flow in 
straight elliptical tubes. They investigated laminar 
flow regime and mixed convection flow and discussed 
the effect of various parameters such as Richardson 
number and particle size on the thermal and 
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hydrodynamic flow field. One of the other methods 
for increasing the heat transfer in tubes is the use of 
flat tubes instead of circular ones. Compared to 
circular tubes, the flat tubes have higher surface area 
to cross sectional area ratio, which can be used to 
increase the compactness and enhance the heat 
transfer of the heat exchangers [8]. In the field of 
using flat tubes in which the nanofluids are flowing, 
very few studies have been conducted so far [8, 9]. 
Razi et al. [8] considered CuO-Oil nanofluid 
experimentally in various flat tubes and finally 
presented relations for Nusselt number and pressure 
drop of nanofluid flow in horizontal flat tubes. Vajjha 
et al. [9] investigated nanofluid flow in a single flat 
tube of an automobile radiator using the single phase 
numerical method. They used convection heat transfer 
coefficient for the wall boundary condition and finally 
presented the correlation for local Nusselt number and 
friction factor of the automobile flat tube. 
Experimental and numerical studies of nanofluids are 
very expensive and time consuming, hence the ANN 
modeling can be replaced for prediction of thermal 
and hydrodynamic field of nanofluids. One of the 
most complete and extensively used ANN types is the 
Grouped Method of Data Handling (GMDH). In fact 
GMDH is a useful tool that can convert experimental 
and numerical discrete data into continuous functions. 
The main aim of GMDH modeling is to create a 
quadratic polynomial function in a feed forward 
network whose coefficients can be obtained using 
regression method [10]. In recent years, many 
researchers have applied neural networks and GMDH 
for modeling of various parameters in engineering 
issues [11-13]. In this paper, GMDH type of ANN is 
used to predict the pressure drop (Δp) of Al2O3-water 
nanofluid in horizontal flat tubes taking into account 
five input variables: tube flattening (H), inlet 
volumetric flow rate (ܳ), wall heat flux (ݍ௪ ), 
nanoparticle volume fraction (ߔ) and nanoparticle 
diameter (݀). The required output data for training 
the ANN are taken from the results of numerical 
simulations.  

 
2. Defining the input variables 

 
    In the present study there are five independent 
input variables: tube flattening (H), inlet volumetric 
flow rate (ܳ), wall heat flux (ݍ௪ ), nanoparticle 
volume fraction (ߔ) and nanoparticle diameter (݀). 
The variation range of each one is shown in Table 1. 
As shown in this table each input variable is defined 

in five levels. By changing the input variables 
according to the Table 1, various designs will be 
created and simulated by CFD then, the GMDH 
polynomials can be generated to define the pressure 
drop of Al2O3-water nanofluid in flat horizontal 
tubes. 
 

Table 1  
Input variables and their range of variations 
 

Input 
Variables

From To Selected values 

)mm(H 2 10 2, 4, 6, 8, 10 

)hr/m(Q 3
i 0.002826 0.014130 

0.002826, 
0.005652, 
0.008478, 
0.011304, 
0.01413 

)m/kW(q 2
w 1 5 1, 2, 3, 4, 5 

(%)  0  5  
0, 1.25, 2.5, 3.75, 

5  

)nm(d P  20  100  
20, 40, 60, 80, 

100  

 
 …According to H and Qi values of Table 1, the 
Reynolds number varies between 100 and 500 hence, 
the flow regime is laminar. Moreover the five flat 
tubes in this paper have different flattening and the 
same perimeter as shown in Fig.1 The same perimeter 
is a constraint which is observed by the other 
researchers who have studied the flat tubes [14-16]. It 
is evident that since the perimeter of tubes are 
constant, the H and W parameters in Fig. 1 depend on 
each other and if one of them is known, the other one 
could be calculated with respect to the constant 
perimeter constraint. Therefore in this paper, “H” is 
used to define each flat tube. 
 
3. Mathematical modeling 
3.1. Mixture model 

 
….In the present study, numerical simulation of 
nanofluid flow is performed using two phase mixture 
model. The mixture model is a two phase numerical 
method that assumes local equilibrium over short 
spatial length scales. The two phases are treated to be 
interpenetrating continua, meaning that each phase 
has its own velocity vector field, and within a given 
control volume there is a certain fraction of each 
phase. Instead of utilizing the governing equations of 
each phase separately, it solves the continuity, 
momentum and energy equations for the mixture, and 
the volume fraction equation for the secondary 
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phases, as well as algebraic expressions for the 
relative velocities. The equations for the steady state 
conditions and mean flow are: 

Fig. 1. Dimensions of five flat tube cross sections in the 
present simulations 
 
 
 
Continuity Equation: 
 

0)V.( mm  
 (1)

 
• Momentum equation: 
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• Energy equation: 
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• Volume fraction: 
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Where Vm is the mass average velocity: 
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In Eq. (2), ௗܸ,	is the drift velocity for nanoparticles: 
 

mkk,dr VVV  .(6)

 
The slip velocity (relative velocity) is calculated as 

the velocity of nanoparticles relative to the velocity of 
base fluid: 

 

fppf VVV  (7)

 
The relation between drift velocity and relative 
velocity is as follows: 
 

fk

n

1k m

kk
pfp,dr VVV 







 
(8)

 
….The relative velocity and drag function are 
calculated using Manninen et al. [17] and Schiller and 
Naumann [18] relations respectively, as follows: 
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The acceleration (a) in Eq. (9) is 
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3.2. Nanofluid mixture properties 
 

….The mixture properties for Al2O3-water nanofluid 
are calculated based on following expressions: 
 
Density [19]: 
 

fpm )1(  
 (12)

 
Specific heat capacity [20]: 
 

fp

ppmp

)C)(1(

)C()C(








  (13)

 
Dynamic viscosity [21]: 
 





C72

dV 2
pBp

fm 
 

  (14)

 
….Where ܸ and δ are Brownian velocity of 
nanoparticles and distance between nanoparticles 
respectively and can be calculated from: 
 

pp

B

p
B d

Tk18

d
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p3 d
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C in Eq. (14) is defined as: 
 

f

4p32p1 )CdC()CdC(
C


 


 

 (17)

 
Where C1, C2, C3 and C4 are given as: 
 

0000003.0C00000009.0C

0000027.0C0000011.0C

43
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 (18)

 
 Thermal conductivity [22]: 
 

2321.1
f

9955.0
f

7476.0

f

p

3690.0

p

f7460.0

f

m

RePr)
k

k
(

)
d
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k
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  (19)

 
Where Prf  and Ref  are defined as: 
 

ff
fPr





 

 

(20)

f
2
B

f 3

Tk
Re





 

 

(21)

Where ߣ is mean free path of water molecular (ߣ= 
0.17 nm), kB is Boltzmann constant (݇= 1.3807 × 
10-23 J/K) and η can be defined by the following 
equation: 
 

140C,8.247B

10414.2A,10.A 5CT

B


   (22)

 
Thermal expansion coefficient [23]: 
  

f

p

f

p

f

p
m
























1
1

)1(
1

   (23)

 
3.3. Boundary conditions 
…. 
….For numerical simulation, the equations of previous 
sections should be solved subject to the following 
boundary conditions: 
 
Tubes inlet: 
 

0VV,VV y,mx,miz,m 
  (24a)

iTT   (24b)

i   (24c)
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Fluid-wall interface: 
 

0VVV z,my,mx,m 
 

 
(25a)

w
mw n

T
kq





 

(25b)

 
….Tubes outlet: Zero gradient is applied to 
hydrodynamic variables and constant gradient is 
applied to temperature [4, 24]: 

 

0
dz

dVz 
 

 

(26a)

pUC

q

A

P
cte

dz

dT





 

(26b)

 
Thus the numerical procedure is reliable and can 

well predict the process throughout the reactor. 
 

3.4. Numerical methods 
 

    The strategy for solving the nanofluid flow in flat 
tubes is as follows. All the governing equations 
(described in the previous sections) for the flat 
rectangular section are solved in the Cartesian 
coordinate, and the governing equations for the two 
semicircular sections are solved in the cylindrical 
coordinate; and at the interface points of the two 
coordinates, all the corresponding variables in the two 
coordinates are set equal to each other. This notion has 
been schematically illustrated in Fig. 2. The numerical 
simulation is performed using the finite volume 
method by FORTRAN programming language. 
 

Fig. 2. Using Cartesian coordinate for rectangular flat part 
and cylindrical coordinate for two semicircular parts of flat 
tubes. 
 

…The hybrid differencing scheme is used for the 
convective terms and the SIMPLE algorithm is 
employed to solve the coupling between the velocity 
and pressure fields. For grid generation, first, the 
system boundaries are determined and then by 
interpolating these boundaries, the inner points are 
generated. For this purpose, the lower and upper 
boundaries have been considered as ),(r minL 

and  

),(r maxU 
, respectively. In this case, a linear one 

directional interpolation for finding the inner points of 
the field is defined as follows:   
 

),(r

),(r)1(),(r

maxU

minL
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….In the generated grid, because of the large 
hydrodynamic and thermal gradients, an exponential 
function is used near the walls and also at the tube 
inlet. This function is expressed as: 
 

1

1

)
1

1
(1)(f

)1(

)1(
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….Where, ω is the clustering ratio. To implement the 
above functions, four line segments are considered in 
each tube, and the number of points specified on these 
four line segments determines the form of the 
generated grid for each flat tube. As shown in Fig. 3, 
these numbers of points have been designated by G1, 
G2, G3 and G4, and they respectively indicate the 
number of points along the width of the flat part, 
length of the flat section, perimeter of the semi circles 
and along the length of the tube. 

Fig. 3. Number of grid in different parts of flat tubes in grid 
generation step. 
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.…Fig. 4 shows a generated grid for a flat tube using 
the mentioned method. 

Fig. 4. Grid generation for the flat tube with H=6 mm as an 
example of structured non-uniform grid generations for flat 
tubes. 
 
operating conditions which are used in the CFD 
simulations are shown in Table 2. 
 
Table 2 
 Dimensions and some operating conditions for CFD 
simulations 

Parameter Value 
Tube lengths (mm) 1000 

Tube perimeters (mm) 31.4 
Water density (kg/m3) 998.2 
Al2O3 density (kg/m3) 3720 

Water thermal conductivity 
(W/m K) 

0.6028 

Al2O3 thermal conductivity 
(W/m K) 

35 

Inlet temperature (K) 300 
  

 
3.5. Validations of the numerical simulations 
 
….To attain the confidence about the CFD results, it is 
necessary to compare the simulation results with the 
available data. Fig. 5 compares the   and  versus 

flattening, predicted in the present study with 
analytical data of Shah and London [26] and 
numerical simulations of Vajjha et al. [9]. The 
simulations of Vajjha et al. [9] are performed for 
specified convection coefficient wall boundary 
condition whereas present simulations and Shah and 
London [26] data are related to constant heat flux wall 
boundary condition. As evident from Fig. 5 the 
present CFD simulations agree well with the available 
numerical and analytical data. 
For more validations when the working fluid is 
nanofluid, Fig.6 is presented. This figure compares the 
local heat transfer coefficient and the local skin 
friction coefficient for a circular tube (case H=10 mm 
in the present study) of present study and the 
numerical study carried out by Mirmasoumi and 
Behzadmehr [27] and Shariat et al. [7]. As shown 
good agreement between the present simulation results 
and the reported numerical one are observed, hence 
the CFD simulations can be used for data base 
generation of GMDH modeling in the next section. 
 
4. Modeling of using GMDH type ANNs 
 
….The GMDH type neural network is one of the most 
complete and extensively used neural networks that 
exist today. In this method, the neurons of the neural 
network are formed by relating different pairs through 
a quadratic polynomial. By combining the quadratic 
polynomials obtained from all the neurons, the 
network expresses the approximation function መ݂ with 
output ݕො	for a set of inputs ((x=(ݔଵ, ,ଶݔ … ,  )with theݔ
least value of error in comparison with the real output 
Thus, for M data including n inputs and one output, 
the real results are expressed as follows: 
…. 

)M,...,3,2,1i(

)
in

x,...,
3i

x,
2i

x,
1i

x(f
i

y





 (30)

In fact, we are seeking a neural network of GMDH 
type which can predict the value of output ݕො	for every 
input vector x. Hence: 
 

)M,...,3,2,1i(
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in

x,...,
3i

x,
2i

x,
1i
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i
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Fig. 5. Comparison of (a) and (b) of the present numerical 
simulation with the analytical results from Shah and 
London [26] and numerical results of Vajjha et al. [9] for 
different flat tubes at Re=100 (base fluid). 
 

Fig. 6. Comparison of the simulation results of present 
study and the numerical simulations of Mirmasoumi and 
Behzadmehr [27] and Shariat et al. [7] for a circular tube 
(case H=10 mm) (a) local heat transfer coefficient (b) local 
skin friction coefficient (nanofluid). 
 
 
The considered GMDH type neural network should be 
able to minimize the square of error between the real 
and the predicted values; in other words: 
  

min
2

]
i

y)
in

x,...,
2i

x,
1i

x(f̂
M

1i
[ 


 (32)

 
The general form of relation between the input and 
output variables can be expressed as follows by means 
of a complicated polynomial function: 
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1j kxjx
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n
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n
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n

1i ia0ay

 
(33)

 
The above relation is known as Ivakhnenko 
polynomial [28]. In many cases, a quadratic form of 
this polynomial is used as follows: 
 

2
jx5a

2
ix4ajxix3ajx2a

ix1a0a)jx,ix(Gŷ





 
(34)
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….The GMDH is now used to find the polynomial 
models of heat transfer coefficient of Al2O3-water 
nanofluid flow in flat tubes with respect to their 
effective input parameters. In this paper, Response 
Surface Methodology (RSM) which is a sub method 
of Design of Experiments (DOE) is used [29, 30] for 
designing the number of input-output data in GMDH 
modeling. There are a total number of 52 input-output 
CFD data considering five input and one output 
variables. Samples of numerical results, using CFD 
are shown in Table 3. The GMDH polynomial for 
defining the ∆ for nanofluid flows in horizontal flat 
tubes are obtained as: 
 

qH0.002q0.55H0.33

q1.2H1.9 25.3Y
22

1




 (35a)

Pin
2

P

2
inP

in2

dQ0.153d0.0008

Q49.17d0.105

Q2900.072.61Y







  (35b)

q0.006q0.081.83

q0.4129.45129.902Y
22

3








  (35c)

HY0.055

H0.0048Y0.089

H0.58Y4.11-44.34Y

1

22
1

14





  (35d)

32
2

3
2

2

325

YY0.15Y0.003Y1.28

Y0.90Y19.7493.05Y




  (35e)

54
2

5
2

4

54

YY0.03Y0.001Y0.005

Y0.04Y0.31 -2.81P




  (35f)

 
….The relationship between input and output 
functions has been illustrated in Fig. 7. As can be 
observed, in this modeling two internal layers have 
been used and ultimately, the pressure drop has got a 

structure of ‘acaabdce’ where a, b, c, d and e denote 
the values of H, ܳ, ݍ , ݀ and ∅ , respectively. The 
modeling accuracy of the extracted GMDH models in 
predicting the CFD data has been demonstrated in 
Figs. 8 and 9 using two different methods. As the 
figures show, the ANN models predict the CFD data 
with very good accuracy and with an error of less than 
±10%. According to Fig. 8, the 52 existing data have 
been divided into two groups; 40 data have been used 
to train, and the remaining 12 data have been used to 
test the network. Besides observing the prediction 
ability of the neural network models in Figs. 8 and 9, 
the capability of the models can also be evaluated 
through statistical means. For this purpose, three 
statistical parameters called the absolute fraction of 
variance (R2), the Root Mean Square Error (RMSE) 
and the Mean Absolute Percentage of Error (MAPE) 
are used. These parameters are defined by the 
 
following relations: 
 







n

1i
2
CFDi

2
CFDiANNi2

Y

)YY(
1R
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n

)YY(
RMSE

n
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n

1i CFDi
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(38)

 
The mentioned statistical parameters have been 

calculated and are presented in Table 4. As observed, 
the statistical values also indicate the high accuracy of 
the obtained models in the prediction of the numerical 
CFD data. 
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5. Conclusions  
  

….In this paper GMDH type of ANN was used to 
predict the pressure drop value (∆) of Al2O3-water 
nanofluid in horizontal flat tubes taking into account 
five input variables: tube flattening (H), inlet 
volumetric flow rate (ܳ), wall heat flux (ݍ௪), 
nanoparticle volume fraction (∅) and nanoparticle 
diameter (dp). The required output data to train the  

ANN was taken from the CFD simulation results 
which were performed using two phase mixture 
model. The predicted (∆) by ANN was compared 
with the CFD simulated one and excellent 
agreement was observed. To view the accuracy of 
ANN model, statistical measures R2, RMSE and 
MAPE were used and it was seen that the GMDH 
model has high accuracy in predicting the ∆ values. 
 
 
 
 
 
 

 
 
Fig.7. Evolved structure of generalized GMDH neural 
network for  . 

 
 
Fig. 8. Comparison of   predicted by ANN and simulated 
by CFD. 
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Table.3.  
Samples of numerical results using CFD 

 
 

 

 
Fig.9. Comparison of   predicted by ANN and 
simulated by CFD 

 

 

Num 

Input Data  Output Data 

)mm(H  )hr/m(Q 3
in  )m/kW(q 2  

(%)  )nm(d P  
 ∆P (pa) 

1 4 0.005652 2 1.25 40  24.421 

2 8 0.011304 2 1.25 40  15.098 

3 8 0.011304 2 3.75 80  17.915 

4 4 0.005652 4 1.25 80  24.519 

5 6 0.008478 3 0 -  16.160 

6 6 0.008478 3 2.5 100  18.441 

7 6 0.008478 3 5 60  22.444 

8 6 0.008478 3 2.5 60  18.404 

9 4 0.005652 2 1.25 80  24.470 

10 10 0.008478 3 2.5 60  7.5644 

…        

52 2 0.008478 3 2.5 60  85.204 
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